In this chapter we have discussed various types of tirst-order ditferential equations. The most
important were the separable, linear, and exact equations. Their principal features and method
of solution are outlined below.

Separable Equations: dy/dx = g(x) p(y). Separate the variables and integrate.

Linear Equations: dy/dx + P(x)y = Q(x). The integrating factor u = exp[ [ P(x)dx]
reduces the equation to d(py) /dx = pQ, sothatuy = [ pQdx+ C.

Exact Equations: dF(x,y) = 0. Solutions are given implicitly by F(x,y) = C. If
aM Jdy = 9N Jox, then M dx + N dy = 0 is exact and F is given by

' )
F= /de+g(y), where g’(,\*)=N—L./Md\'
or
)
F=/Nd_v+h(x), where h’(.\')=M—% /Ndy.
ax

When an equation is not separable, linear, or exact, it may be possible to find an integrat-
ing factor or perform a substitution that will enable us to solve the equation.

Special Integrating Factors: pMdx + puNdy = 0 is exact. If (aM/ay —aN/ax)/N
depends only on x, then

u(x) = exp[/((W/a};(w/m)dx]

is an integrating factor. If (aN/ax — aM /ay) /M depends only on y, then

n(y) = exn[/(w)dv]

is an integrating factor.
Homogeneous Equations: dy/dx = G(y/x). Let v = y/x. Then dy/dx = v+ x(dv/dx),

and the transformed equation in the variables » and x is separable.

Equations of the Form: dy/dx = G(ax + by). Let z = ax+by. Then dz/dx=
a + b(dy/dx), and the transformed equation in the variables z and x is separable.

Bernoulli Equations: dy/dx + P(x)y = Q(x)y". For n# 0 or 1, let v = y'™". Then
dv/dx = (1 —n)y"(dy/dx), and the transformed equation in the variables v and x is linear.

Linear Coefficients: (a;x + by + ¢,)dx + (axx + by + ¢;)dy = 0. For a\b, # ayby, let
x=u+handy = v+ k, where h and k satisty

ah+bk+c¢ =0,

ah+ bk +c¢y = 0.

Then the transformed equation in the variables « and v is homogeneous.



